Abstract. Certain singularly perturbed time-dependent partial di erential equations exhibit a phenomenon known as dynamic metastability whereby the time-dependent solution approaches a steady-state solution only over an an asymptotically exponentially long time interval. This metastable behavior is directly related to the occurrence of an asymptotically exponentially small principal eigenvalue for the linearized equation. In this paper, we illustrate metastablebehavior for various classes of perturbedproblems and we show how this behavior can be analyzed asymptotically by supplementing the method of matched asymptotic expansions with certain spectral information associated with the linearized equation.
Introduction
The method of matched asymptotic expansions is a well-known and powerful method for systematically calculating asymptotic approximations to solutions of singularly perturbed problems. This method has been used successfully in a wide range of applications (cf. However, there are certain classes of steady-state singularly perturbed boundary value problems where a straightforward application of this method fails to determine the solution uniquely. In particular, for problems where asymptotically exponentially small terms need to be resolved, a failure to asymptotically resolve such terms typically leads to a matched asymptotic approximation with undetermined constants. Some examples where this indeterminacy occurs are for linear turning point problems associated with boundary layer resonance (cf. AO]), for certain nonlinear autonomous boundary value problems with shock-type internal behavior (cf. L]), and for a class of nonlinear elliptic equations with localized spike-layer solutions (cf. WN] , W95b]). In many cases, this indeterminacy in the matched asymptotic approximation arises as a direct consequence of an exponential ill-conditioning of a certain linearization of the full perturbed problem. By exponential ill-conditioning we mean that the spectrum of the eigenvalue problem associated with the linearization contains exponentially small eigenvalues. As a result of this exponential ill-conditioning, the solution to the steady-state perturbed problem is typically very sensitive to exponentially small changes in the coe cients of the di erential operator. Moreover, for the corresponding time-dependent problem, this exponential ill-conditioning can lead to the occurrence of a phenomenon known as dynamic metastability whereby the time-dependent solution approaches a steady-state solution only over an asymptotically exponentially long time interval. For example, this metastable behavior is known to occur for various phase separation models (cf. CP], FH] , ABF]) and for certain viscous shock problems (cf. KK], LO94], RW95a]).
The goal of this paper is largely to illustrate and survey some results for metastable behavior and exponential ill-conditioning for various classes of linear and nonlinear singularly perturbed partial di erential equations. In each case, we show how this behavior can be analyzed asymptotically by using an asymptotic projection method, which supplements the method of matched asymptotic expansions with certain spectral information associated with the linearized equation. This projection method exploits the existence of exponentially small eigenvalues by imposing limiting solvability conditions on the solution to the linearized equation.
The outline of this paper is as follows. In x2 and x3, the asymptotic projection method is used to study metastable behavior for various linear and nonlinear convection-di usion equations. In x4, the projection method is used to construct localized spike-layer solutions for a class of steady-state problems in both one and two spatial dimensions. In x5 and x6, the projection method is used to study metastable behavior for various phase separation models.
Linear Convection-Di usion Equations
In this section we study exponentially ill-conditioned linear convection-di usion equations exhibiting metastable behavior in both one and two spatial dimensions.
2.1. One Spatial Dimension. We rst consider the following convectiondi usion equation for u = u(x; t): u t = u xx ?
0 (x)u x + g(x)e ?a= u ; ?1 < x < 1 ; t > 0 ; (2.1) u(?1; t) = u l ; u(1; t) = u r ; u(x; 0) = u 0 (x) : (2.2) Here a > 0, , u l and u r are constants, ! 0 + and g(x), (x) and u 0 (x) are smooth. We assume that the potential (x) has a global minimum on ?1; 1] at x = 0 with (0) = 0, 0 (0) = 0 and 00 (0) > 0. Thus, the spatial operator in (2.1) has a simple turning point at x = 0. We also assume that 0 (x) 6 = 0 for x 6 = 0 and thus 0 (1) > 0 and 0 (?1) < 0. Prototypical is (x) = x 2 =2. When g(x) = 0, the equilibrium problem corresponding to (2.1)-(2.2) and its associated eigenvalue problem arises in determining the exit time distribution for a Brownian particle con ned by the potential well . Such problems, and the related multi-dimensional problems in x2.2 below, have been well-studied in LU] , MAS] , M80] and MS], among much additional literature.
The eigenvalue problem associated with (2.1)-(2.2) when g(x) = 0 is More speci cally, since (2.3) has an exponentially small eigenvalue and L ũ is exponentially small away from the boundary layer regions near x = 1 for any choice of A 0e , it follows that the correct value of A 0e can only be determined by incorporating the e ect of exponentially small terms into the asymptotic analysis.
Methods for calculating A 0e are given in GM], LW], MS] and SR]. Since the equilibrium solution is exponentially ill-conditioned, it is natural to expect that it will be extremely sensitive to the exponentially small term in (2.1). This aspect has been studied in LW], S], SR] and W].
These previous studies have focused mainly on the equilibrium problem for (2.1)-(2.2). Since 0 > 0, the equilibrium solution is stable when a is su ciently large. However, since 0 is exponentially small, the evolution of an arbitrary initial condition u 0 (x) to the equilibrium solution is exponentially slow. This metastable motion is studied in OW] using the projection method.
We now outline this method and some of the results obtained from it. Following OW], we seek a solution to (2.1)-(2.2) in the form u(x; t) =ũ x; A 0 (t)] + v(x; t) ; (2.8) whereũ is de ned in (2.7). Substituting (2.8) into (2.1)-(2.2), we obtain that v(x; t) satis es v t = L v ?ũ t + L ũ + g(x)e ?a= (ũ + v) ; ?1 < x < 1 ; t > 0 ; (2.9) v(?1; t) = u l ?ũ ?1; A 0 (t)] ; v(1; t) = u r ?ũ 1; A 0 (t)] ; (2.10) together with the initial condition v(x; 0) = u 0 (x) ?ũ x; A 0 (0)]. We then expand v(x; t) in terms of the eigenfunctions j of (2. Since 0 > 0 and is exponentially small, it is necessary that c 0 (t) 0 in order to ensure that v ũ over exponentially long time intervals . Therefore, the right sides of (2.12) and (2.13) must vanish when j = 0. Then, upon using v ũ to simplify the last term on the right of (2.12), we obtain where H( ) x1x1 x2x2 ? 2 x1x2 is the Hessian. We also assume that r (x) 6 = 0 for x 6 = x 0 and that r n > 0 on @D, wheren is the unit outward normal to @D.
In place of (2. The eigenvalues j for j 0 are real with j > 0 and ( j ; k ) w = jk for j; k = 0; 1; :: . Suppose that the minimum value of on @D is taken at N distinct points y j 2 @D for j = 1; ::; N, and that these minima are non-degenerate. with the initial value A 0 (0) u 0 (x 0 ). Here, 0 is given in (2.22), x 0 is the global minimum of in D, and (H (x 0 )]=(2 )) 1=2 where H is the Hessian. Moreover, y j 2 @D, for j = 1; ::; N, are those points where is minimized on @D (with a non-degenerate minimum) with minimum value (y j ) for j = 1; ::; N. Also, r j is de ned in (2.23). This result for A 0 (t) is analogous to the result (2.16) for the one-dimensional case.
In summary, the metastable dynamics for (2.17)-(2.18), away from an initial time layer, is given by u(x; t) ũ x; A 0 (t)], whereũ is de ned in (2.25) and A 0 (t) satis es (2.32). If a is su ciently large relative to , we obtain from (2.32) that 3.1. Viscous Shocks. We rst consider the viscous shock problem u t + f(u)] x = u xx ; ?1 < x < 1 ; t > 0 ; A matched asymptotic expansion analysis shows that (3.1)-(3.2) has an equilibrium shock-layer solution U(x; ) of the form U(x; ) u c (x ? x 0e )= ], for some undetermined x 0e 2 (?1; 1). Since u c (z) decays exponentially as z ! 1, it follows that u c (x ? x 0e )= ] satis es the boundary conditions at x = 1 to within exponentially small terms as ! 0 for any shock-layer location x 0e 2 (?1; 1).
This suggests that the problem of determining x 0e is exponentially ill-conditioned. When f(u) is even, it is clear by symmetry that x 0e = 0. For more general f(u), the correct value x 0e = ( + ? ? )=( + + ? ) + O( ) can be obtained analytically by using either an integral identity (cf. HOW]), a spectral projection method (cf. RW95a]), or an extension of the method of matched asymptotic expansions (cf. LO94]).
Metastable behavior for the time-dependent problem (3.1)-(3.2) was rst observed numerically in KK] for the special case of Burgers equation. Their numerical computations showed that a thin shock-layer, which connects u = + and u = ? , is formed quickly in time from the initial data u 0 (x). This shock-layer, which is closely approximated by the viscous pro le tanh (x 0 0 ? x)=2 for some x 0 0 depending on u 0 (x), then translates exceedingly slowly towards the equilibrium shock-layer solution centered at x = 0. As a partial explanation of these results, it is shown in KK] that the equilibrium solution is linearly stable, but that the principal eigenvalue 0 associated with the linearization around this solution is exponentially small of the order 0 = O(e ?c= ) as ! 0 for some c > 0. Motivated by these results of KK] for Burgers equation, a qualitatively similar metastable shock-layer motion for (3.1)-(3.2) is analyzed in RW95a] using a spectral projection method, and in LO94] using an extension of the method of matched asymptotic expansions. A detailed asymptotic study of metastability for Burgers equation is given in LO95] and RW95a] .
We now outline the projection method used in RW95a]. In order to make a clear analogy with the analysis in x2.1, the discussion below di ers somewhat from that given in RW95a]. The method in RW95a] is based on a quasi-steady linearization of (3.1)-(3.2) around the viscous shock pro le, where the shock-layer trajectory x 0 = x 0 (t) is to be determined. Thus, in (3.1)-(3.2), we set u(x; t) = u c ( x ? x 0 (t)] = ) + v(x; t) ; (3.11) The eigenvalues j for j 0 are real with j > 0 for j 0 and ( j ; k ) w = jk for j; k = 0; 1; :: : Let ( j ; j ) and ( j ; j ) for j 0 be the eigenpairs of (3.8) and (3.9), respectively. Then, it easy to show that we can relate these (un-normalized) eigenpairs by j (x) = ?u 0 c (x ? x 0 )= ] j (x) ; j = j ; j = 0; 1; :: : (3.12)
We now outline a key property of the spectrums of (3.8) and (3.9). From the properties of f(u) and u c (z), it follows that in (3.9) has a global minimum on From (3.12) and (3.13), we observe that 0 is proportional to @ x0 u c (x ? x 0 )= ] away from the boundary layer regions near x = 1. Thus, away from these boundary layers, 0 is asymptotically close to the translation eigenfunction associated with (3.1) on the in nite line. The nite domain in (3.1) breaks the translation invariance and, together with the exponential decay behavior (3.4), leads to the exponentially small eigenvalue 0 .
A subtle, but important, di erence between the two eigenvalue problems (3.9) and (2.3) is that 0 in (3.9) satis es 0 = + O(e ?c= ) as ! 0 in O( ) regions near x = 1, where c > 0 is some constant. This result follows from the exponential decay behavior of u c (z) as z ! 1 given in (3.4). Therefore, in contrast to (2.6), there are no higher order boundary layer correction terms for 0 in powers of near x = 1. This implies that the result 0 0 ( 1) = , which is used in (3.14) to estimate 0 , is accurate to within exponentially small terms as ! 0. In contrast to the result (2.5) where the pre-exponential factors have power series in , the pre-exponential factors written in (3.15) are correct to within exponentially small terms as ! 0. Hence, (3.15) is highly accurate even when is only moderately small (cf. RW95a]). Since 0 ! 0 exponentially as ! 0, we must impose the limiting solvability condition that c 0 ! 0 as ! 0. In this way, the following ODE for x 0 (t) is obtained by substituting (3.7) and (3.13) into the condition c 0 = 0 (see RW95a] ): In summary, the metastable shock-layer dynamics for (3.1)-(3.2) is given by u(x; t) u c ( x ? x 0 (t)] = ) for large t, where x 0 (t) satis es (3.18).
We close this section with a few remarks. The metastability result (3.18) applied to Burgers equation, where = 1 and a = 2, can be veri ed analytically by expanding a certain exact solution for ! 0 (cf. LO95], RW95a]). Such an exact solution is obtained by using the Cole-Hopf transformation on (3.1)-(3.2) when f(u) = u 2 =2. For other forms of f(u), the result (3.18) has been favorably compared with corresponding numerical results in RW95a]. The extreme sensitivity of the metastable shock-layer motion and the corresponding equilibrium solution with respect to exponentially small changes in either the boundary conditions of (3.2) or the di erential operator of (3.1) has been studied in LO94] RAS] , under certain conditions ame-front interfaces for upward ame propagation in vertical channels can assume a parabolic-type shape. Under various physical assumptions, a model equation describing the evolution of such a parabolic-shaped interface was derived in RAS] using a weakly nonlinear analysis.
In dimensionless variables, this model for the ame-front interface y = y(x; t) is given by In Fig. 1 , we plotũ x; x 0e ] for a xed x 0e 2 (0; 1). Since U(x 0e ; ) = O(e ?c= ) for some c > 0 and Y x = ?U, it follows that x 0e asymptotically represents the tip, or nose, location for the parabolic-shaped equilibrium interface Y = Y (x : ). By symmetry we expect that the correct value for x 0e is x 0e = 1=2. However, this value for x 0e still cannot be determined by the method of matched asymptotic expansions even after one performs a higher order boundary layer analysis near the endpoints x = 0 and x = 1. To explain this apparent indeterminacy in x 0e , we note that u x ? 1 = O(e ?c= ) in the outer region O( ) x 1 ? O( ). Thus, in this region, the equation u xx ? u(u x ? 1) = 0 is satis ed byũ to within exponentially small terms as ! 0 for any choice x 0e 2 (0; 1). Hence, this problem is exponentially ill-conditioned and exponential precision is required to determine x 0e .
For the time-dependent problem, the computational results of MIS] showed that a concave parabolic-shaped ame-front interface can develop for some initial data. Their results showed that the location x 0 = x 0 (t) of the tip, or nose, of this interface drifts very slowly in time towards one of the endpoints of the interval. The analysis of BKS] proved that this interface is dynamically metastable in the sense that the tip location x 0 (t) remains in a small neighborhood of its initial value for an asymptotically exponentially long time interval as ! 0. In SW96a], this metastable behavior is analyzed asymptotically using the projection method, and an explicit ODE for x 0 (t) analogous to (3.18) is derived.
We now very brie y outline the analysis and the results given in SW96a]. To derive an equation of motion for x 0 (t), we expand v(x; t) in terms of the eigenfunctions j of (3.30)-(3.31) as in (3.16). In place of (3.17), the coe cient c j is now given by The initial condition x 0 (0) for (3.34) is found from a transient analysis describing the formation of the interface from initial data. The ODE (3.34) di ers signi cantly in form from the corresponding result (3.18) for the viscous shock problem. From (3.34), the (unstable) equilibrium value for x 0 is x 0e = 1=2. Also note that x 0 (t) will collapse against the endpoint x = 1 (x = 0) on an exponentially long time interval when x 0 (0) > 1=2 (x 0 (0) < 1=2). This qualitative behavior is observed in the computational results of MIS]. In SW96a], the asymptotic results (3.32) and (3.34) are favorably compared with full numerical results.
Spike-Layer Solutions for Reaction-Di usion Equations
In this section we use a projection method to construct equilibrium spike-layer solutions for a class of reaction-di usion equations in both one and two dimensions. The characteristic feature of these solutions is that they are localized in an O( ) region near some peak location x 0 and that they tend to zero away from the peak. Although these solutions are exponentially ill-conditioned, they are not metastable for the corresponding time-dependent problem. with this linearization has an exponentially small eigenvalue. The nal step is to enforce a limiting solvability condition on the solution to the linearized problem. This condition, which ensures that the solution to the linearized problem is orthogonal to the eigenfunction associated with the exponentially small eigenvalue, yields an algebraic equation for x 0 . This last step relies heavily on constructing this critical eigenfunction using a boundary layer analysis.
We now give a few details of the analysis. We rst linearize The eigenvalues j for j 0 are real and ( j ; k ) = jk for j; k = 0; 1; :: .
To study (4.7) it is instructive to compare it with the related eigenvalue problem L = ? de ned on the in nite line ?1 < x < 1 with ! 0 su ciently rapidly as jxj ! 1. Let ( j ; j ) for j = 0; ::; J be the discrete eigenpairs of this related problem. The parameter in this related problem can be eliminated by scaling the x axis. Thus, we conclude that j is independent of . Next, by translation invariance, it is clear that L ^ = 0, where^ (x) u 0 s (x ? x 0 )= ]. Note that^ ! 0 exponentially as jxj ! 1 and^ has exactly one zero-crossing located at x = x 0 . Therefore, it follows that the second eigenpair of the related eigenvalue problem is given by 1 =^ and 1 = 0. Since 1 is localized near x = x 0 and x 0 2 (?1; 1), it is clear that the second eigenfunction 1 of (4.7) is approximated closely by^ in the interior of the interval (?1; 1). However, boundary layer correction terms of exponentially small amplitude must be added to^ near the endpoints x = 1 in order to satisfy the boundary conditions 1 ( 1) = 0. This slight break in the translation invariance, together with the exponential decay behavior (4.3), leads to an exponentially small second eigenvalue 1 for (4.7). For ! 0, the boundary layer analysis of W92] The results (4.8) and (4.9), which quantify the exponential ill-conditioning of (4.5)-(4.6), are analogous to the results (2.6) and (2.5), respectively, obtained for the linear convection-di usion equation.
Since the principal eigenvalue 0 of the related eigenvalue problem is nondegenerate and 1 = 0, it is clear that 0 < 0 and is independent of . In particular, if Q(u) = ?u+u 2 =2, it is easy to show that 0 = ?5=4 and that 0 is proportional to sech 3 (x ? x 0 )=2 ]. Since the corresponding eigenfunction 0 is localized near x = x 0 , it follows that the principal eigenvalue 0 of (4.7) is exponentially close to 0 .
Thus, as ! 0, we have the strict inequality that 0 < 0 as ! 0. A consequence of this result is that spike-layer solutions for the corresponding parabolic timedependent problem are dynamically unstable and, thus, do not exhibit metastable behavior.
The nal step in the projection method is to expand the solution to (4.5)-(4.6) in terms of the eigenfunctions of (4. Since 1 ! 0 exponentially as ! 0, it is necessary that the limiting solvability condition c 1 ! 0 as ! 0 be satis ed. Setting c 1 = 0, and using both (4.6) and the asymptotic form for 1 given in (4.8), we derive the following algebraic equation for x 0 : e ?2 (1?x0)= e ?2 (1+x0)= : (4.12) This yields the correct value x 0 = 0. Geometrically, this shows that the spike is located at that point in (?1; 1) which is furthest from the endpoints at x = 1. We remark that similar ideas can be used to construct multi-spike solutions to (4.1) and to study the extreme sensitivity of such solutions to exponentially small perturbations (see W92]). (4.16) for some constant a > 0. The exponential decay behavior (4.16) is analogous to (4.3), except that there is a geometrical spreading factor of ?1=2 in R 2 , which is not present for the one-dimensional problem. Since u c ( ) decays exponentially as ! 1, it follows that u c jx ? x 0 j= ] fails to satisfy (4.14) by only exponentially small terms for any x 0 2 D. Thus, once again, the problem of determining x 0 is exponentially ill-conditioned.
We now outline the projection method used in W95b] to determine x 0 . We rst linearize (4.13)-(4.14) around u c jx ? The eigenvalues j for j 0 are real and ( j ; k ) = jk for j; k = 0; 1; :: .
Next, we study the spectral properties of (4.20)-(4.21). These properties are, in a sense, rather similar to those of (4.7). De ne^ j by^ j @ xj u c (r= ) for j = 1; 2, where r jx ? x 0 j. By translation invariance, it follows that L ^ j = 0 for j = 1; 2.
Thus, in all of R 2 , there are two zero eigenvalues of (4.20) with corresponding eigenfunctions^ j for j = 1; 2. Since u c ( ) decays exponentially as ! 1,^ j fails to satisfy the boundary condition (4.21) by exponentially small terms as ! 0. This slight break in the translation invariance as a result of the nite domain, together with the exponential decay behavior (4.16), leads to the existence of two exponentially small eigenvalues j , for j = 1; 2. The corresponding normalized eigenfunctions j have the boundary layer form j M j @ xj u c (r= ) + Lj for j = 1; 2. Here Lj is a boundary layer function, localized near @D, which allows the boundary condition in (4.21) to be satis ed. This boundary layer structure is analogous to the corresponding form (4.8) for the one-dimensional problem. Sincê j for j = 1 and j = 2 has exactly one nodal line, it follows, for similar reasons as outlined in the one-dimensional case, that the principal eigenvalue 0 for (4.20)- (n 3 ?n 1 ) x 1 0 = (2 ) ?1 log(A 1 =A 3 ) + log ? ?n 1 t 2 =n 3 t 2 ; (4.27) (n 1 ?n 2 ) x 1 0 = (2 ) ?1 log(A 2 =A 1 ) + log ? ?n 2 t 3 =n 1 t 3 : (4.28) Here A i = (1 + i r in ) ?1=2 . Also,n i andt i are the unit outward normal vector and the unit tangent vector at x(s i ) 2 @D, respectively (oriented in the counterclockwise sense). A similar result is given in W95b] for the case where B makes exactly two-point contact with @D. Further work is needed to construct spikelayer solutions to (4.13)-(4.14) having several interior peaks and to investigate the extreme sensitivity of these solutions to small perturbations.
Phase Transition Models in One Spatial Dimension
The viscous Cahn-Hilliard equation, introduced in NO], is a model of slow phase separation in binary alloys accounting for viscoelastic e ects. In dimensionless form, this model is ?1 u(x; t) dx is conserved for (5.1)-(5.2). We assume below that u 0 (x) is such that 2s ? < m < 2s + .
Some related phase separation models are obtained by letting take on limiting values in (5.1). The well-known Cahn-Hilliard model corresponds to = 0. If = 1, we can integrate the right side of (5.1) twice, explicitly impose a mass constraint, and re-scale t to obtain the constrained Allen-Cahn equation The layers have width O( ) and separate the two phases s + and s ? (see Fig. 2 for a schematic plot of a four layer pattern). This transient process is very intricate for (5.1)-(5.2), but is signi cantly less complex for the unconstrained Allen-Cahn equation. During the next stage of the dynamics, known as the coarsening process, the internal layers move exponentially slowly in time until, typically, they collapse together in pairs. For the unconstrained Allen-Cahn equation this process terminates when no layers remain. However, for models where mass is conserved, this process terminates when a pattern with only one layer, which is consistent with the mass, is attained. We now outline the metastability analysis in RW95b]. To begin, it is convenient to re-write (5.1)-(5.2) as a coupled system for u(x; t) and (x; t) u t = 2 u xx + Q(u) ? ; u x ( 1; t) = 0 ; (5.6)
(1 ? )u t = ? xx ;
x ( 1; t) = 0 : (5.7) For the equilibrium problem, is a constant and is asymptotically exponentially small as ! 0 (cf. CGS]). In RW95b] it is assumed that (x; t) is also asymptotically exponentially small as ! 0 for a metastable pattern with widely separated internal layers. Therefore, each layer is closely approximated by the stationary wave solution of 2 u xx + Q(u) = 0 on the in nite line, which connects the two states u = s + and u = s ? . Thus, we introduce the heteroclinic orbit u s (z), which is the unique solution to u The projection method used in RW95b] provides an explicit di erentialalgebraic system of ODE's for the x i (t), i = 0; ::; n ? 1, in (5.10). To derive this system, we rst perform a quasi-steady linearization of (5.6)-(5.7) aroundũ by substituting u(x; t) =ũ x; x 0 (t); ::; x n?1 (t)] + v(x; t) (5.11) into (5.6)-(5.7), where v u and v t @ tũ . From (5.7) we get Finally, we remark that the projection method described above is closely related In a multi-dimensional setting, dynamic metastability can occur for phase separation models that conserve mass. For such models, the motion of radially symmetric internal layer solutions, referred to in AF94a] the bubble, respectively. The radius r b of the bubble is determined by the mass m, and is assumed to be su ciently small so that the bubble is contained within D at t = 0. In W95a] the bubble is shown to drift exponentially slowly across the domain, without change of shape, towards the closest point on @D. Also, an explicit ODE for the motion of the center of the bubble is derived. The geometric criteria determining the (unstable) equilibrium location for the center of the bubble is found to be very similar to that of the spike-layer solution for (4.13)-(4.14).
There are three basic steps in the projection method used in W95a]. The rst step is to construct a radially symmetric equilibrium bubble solution of radius r b in all of R 2 and then to linearize (6.1)-(6.2) around this solution. This step is signi cantly more di cult than for the spike-layer problem in x4.1 in that the bubble must be constructed asymptotically using the method of matched asymptotic expansions. The second step is to analyze the spectrum associated with this linearization. As a result of the slight break in translation invariance, this spectrum contains exponentially small eigenvalues. Asymptotic estimates for the corresponding eigenfunctions on the boundary of the domain are derived using a boundary layer analysis. The nal step is to ensure that mass is conserved and that the solution to the quasi-steady linearized problem is orthogonal to the eigenspace associated with the exponentially small eigenvalues. This projection step yields an ODE for the center x 0 = x 0 (t) of the bubble. We now outline some of the details of this analysis and give the main result obtained in W95a]. Here M 0 is a normalization constant and L0 is a boundary layer function of exponentially small amplitude, localized near @D, which allows @ n 0 = 0 on @D to be satis ed. In addition, as a result of the near translation invariance and the exponential decay behavior (6.5), there are N exponentially small eigenvalues j for j = 1; ::; N. The corresponding eigenfunctions are given asymptotically by j M j ? @ xj U b + Lj for some boundary layer functions Lj , j = 1; ::; N. A boundary layer analysis determines Lj for j = 0; ::; N and hence we can obtain explicit asymptotic formulas for j on @D for j = 0; ::; N (see W95a] ).
Next, we expand the solution v(x; t) to (6.9)-(6.10) in terms of the eigenfunctions j of (6.11) as in (3.16). The coe cients c j = c j (t) for j 0 in (3.16) are found to be c j = ? (@ t U b ; j ) ? (1; j ) ? 2 Z @D j @ n U b dS ; (6.12) where (f; g) R D fg dx denotes the inner product. Since U b and j , for j = 0; ::; N, are known when 1, we can calculate the inner products and the surface integral in (6.12) asymptotically to determine c j for j = 0; ::; N.
The conditions to determine (t) and x 0 (t) are as follows. First, we must ensure that R D w dx = 0 in order to conserve mass. For ! 0, this condition requires that c 0 (t) 0, which then determines (see W95a] ). Thus, in contrast to the spikelayer problem considered in x4, the existence of the negative eigenvalue 0 for (6.11) does not lead to an instability of the bubble solution. We remark that if mass was not conserved, the bubble would shrink to a point under a mean curvature ow on a time scale j ?1 0 j = O( ?2 ). Next, since j for j = 1; ::; N are exponentially small as ! 0, we must also require that the limiting solvability conditions c j ! 0 as ! 0 for j = 1; ::; N be satis ed. These conditions yield a di erential equation for x 0 (t) that governs the metastable bubble motion. In this way, the following main Here r = jx( ) ? x 0 (t)j,r = x( ) ? x 0 (t)] =r,n =n( ) is the unit outward normal to @D, N is the surface area of the unit N-ball and = ( 1 ; ::; N?1 ) parameterizes @D. Also, and + are de ned in (6.6)-(6.7) and a + and + are given in (5.9).
The (unstable) equilibrium location x 0e for the bubble center is obtained by setting x 0 0 = 0 in (6.13). Then, by comparing (6.13) and (4.25), it is clear that a result very similar to (4.26) also holds for x 0e when N = 2. Next, an asymptotic evaluation of the surface integral in (6.13) yields the following explicit result:
Corollary (Explicit Motion): Assume that at t = 0, x( 0 ) is the unique point on @D that is closest to the initial center location x 0 (0) x 0 0 . Then, for t > 0 and ! 0, the motion of the center of the bubble is in the direction of x( 0 ) ? x 0 0 and the distance r m (t) = jx( 0 ) ? x 0 (t)j satis es the asymptotic ODE shows that the bubble will collapse against @D on an exponentially long time scale.
